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Abstract
A graph G is n-existentially closed or n-e.c. if for any two disjoint subsets A and B of vertices of G with |A ∪ B| = n, there is a
vertex u /∈A ∪ B that is adjacent to every vertex of A but not adjacent to any vertex of B. It is well-known that almost all graphs
are n-e.c. However, few classes of n-e.c. graphs have been constructed. A good construction is the Paley graphs which are deﬁned
as follows. Let q ≡ 1(mod 4) be a prime power. The vertices of Paley graphs are the elements of the ﬁnite ﬁeld Fq . Two vertices a
and b are adjacent if and only if their difference is a quadratic residue. Previous results established that Paley graphs are n-e.c. for
sufﬁciently large q. By using higher order residues on ﬁnite ﬁelds we can generate other classes of graphs which we called cubic and
quadruple Paley graphs. We show that cubic Paley graphs are n-e.c. whenever qn224n−2 and quadruple Paley graphs are n-e.c.
whenever q9n262n−2. We also investigate a similar adjacency property for quadruple Paley digraphs.
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1. Introduction
For a ﬁxed integer n1.A graph G is called n-existentially closed or n-e.c. if for any two subsets A and B of vertices
of G with A ∩ B = ∅ and |A ∪ B| = n, there is a vertex u /∈A ∪ B that is adjacent to every vertex of A but not adjacent
to any vertex of B. Observe that if a graph G has property n-e.c., then G, the complement of G, also has property n-e.c.
It is well-known that almost all graphs are n-e.c. However, the problem of constructing graphs with the n-e.c. property
seems difﬁcult, especially for n4.
The n-e.c. property was ﬁrst studied by Caccetta et al. [9], where they were called graphs with property P(n). The
authors established, using probabilistic argument, the existence of n-e.c. graphs for a range of n. In particular, they
determined the largest integer f () for which there exists a graph on  vertices having property P(f ()) for a given
integer . They proved that log  − (2 + o(1)) log log <f () log 2< log . In addition, a class of 2-e.c. graphs was
given for all orders 9.
Bonato et al. [8] constructed a new class of 3-e.c. graphs, based on Hadamard matrices. They showed that Bush-type
Hadamard matrics of order 16m2 give rise to strongly regular 3-e.c. graphs, for each integer m for which 4m is the order
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Fig. 1. Graphs P (3)13 and P
(4)
17 .
of a Hadamard matrix. By taking certain afﬁne designs to be Hadamard designs obtained from Paley tournaments,
Cameron and Stark [10] have used probabilistic methods to show that many non-isomorphic strongly regular n-e.c.
graphs of order (q + 1)2 exist whenever q16n222n is a prime power such that q ≡ 3(mod 4).
An important graph in the study of the n-e.c. property is the so-called Paley graph Pq deﬁned as follows. Let
q ≡ 1(mod 4) be a prime power. The vertices of Pq are the elements of the ﬁnite ﬁeld Fq . Two vertices a and b
are adjacent if and only if their difference is a quadratic residue, that is a − b = y2 for some y ∈ Fq . The n-e.c.
property of Paley graphs have been studied by a number of authors [3,5,7]; a good discussion is given in the book
of Bollobás [7]. With respect to the n-e.c. property, we proved in [3] that if q ≡ 1(mod 4) is a prime power with
q > {(n − 3)2n−1 + 2}√q + {(n + 1)2n−1 − 1}, then Pq has the n-e.c. property.
By using higher order residues on ﬁnite ﬁelds we can generate other classes of graphs. More speciﬁcally, for
q ≡ 1(mod 3) a prime power we deﬁne the cubic Paley graph, P (3)q as follows. The vertices of P (3)q are the elements
of the ﬁnite ﬁeld Fq . Two vertices a and b are adjacent if and only if a − b = y3 for some y ∈ Fq . Since q ≡ 1(mod 3)
is a prime power, −1 is a cube in Fq . The condition −1 is a cube in Fq is needed to ensure that ab is deﬁned to be an
edge whenever ba is deﬁned to be an edge. Consequently, P (3)q is well-deﬁned. Fig. 1(a) gives an example.
For q ≡ 1(mod 8) a prime power, deﬁne the quadruple Paley graph, P (4)q as follows. The vertices of P (4)q are the
elements of the ﬁnite ﬁeld Fq . Two vertices a and b are adjacent if and only if a − b = y4 for some y ∈ Fq . Since
q ≡ 1(mod 8) is a prime power, −1 is a quadruple in Fq . Therefore, P (4)q is well-deﬁned. Fig. 1(b) gives an example.
The cubic Paley graph and the quadruple Paley graph were ﬁrst deﬁned in [1].
Paley constructions have played an important role in constructing classes of graphswith the n-e.c. property, especially
for n4, see [3,7,10]. In addition to directly providing graphs with interesting adjacency properties, Paley designs
played an important role in the construction of strongly regular n-e.c. graphs given in [10]. In the same paper it was
noted that the case of afﬁne geometries in place of Paley designs can provide n-e.c. graphs only for n3. In Section 3,
we show that the cubic Paley graph P (3)q has the n-e.c. property whenever qn224n−2, and the quadruple Paley graph
P
(4)
q has the n-e.c. property whenever q9n262n−2.
Another version of adjacency property that has been studied is the following. Let m and n be non-negative integers
and k a positive integer. A graph G is said to have property P(m, n, k) if for any disjoint sets A and B of vertices of
G with |A| = m and |B| = n there exist at least k other vertices, each of which is adjacent to every vertex of A but
not adjacent to any vertex of B. The class of graphs having property P(m, n, k) is denoted by G(m, n, k). The class
G(m, n, k) has been studied byAnanchuen [1], Ananchuen and Caccetta [3,5], Blass et al. [6] and Exoo [11]. In [1] we
proved that the cubic and quadruple Paley graphs are n-e.c. for sufﬁcially large q.
The concept of n-e.c. property of graphs can be easily extended to digraphs. For general digraphs where 2-cycles
are allowed, this requires the speciﬁcation of four disjoint subsets of vertices. In the case when 2-cycles are forbidden
we need to specify three disjoint subsets of vertices. Unfortunately, the methodology used in establishing results for
ordinary graphs is not easily applied to digraphs. However, tournaments, oriented complete graphs, are a class of
digraphs that can be studied. If (i, j) is an arc in a digraph D, then we say vertex i dominates vertex j. A tournament T
is n-e.c. if for any two subsets A and B of vertices of T with A∩B =∅ and |A∪B|=n, there is a vertex u /∈A∪B such
that u dominates every vertex of A and dominated by every vertex of B. The n-e.c. property of the Paley tournaments
has been studied by [4,7].
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In what follows, our digraphs are oriented graphs, that is digraphs with 2-cycles forbidden. Results on tournaments
motivate the following property for digraphs. A digraph D is said to have property Q(n) if for any two subsets A and B
of vertices of D with A ∩ B = ∅ and |A ∪ B| = n, there is a vertex u /∈A ∪ B such that u dominates every vertex of A
and is dominated by every vertex of B.
Let q ≡ 5(mod 8) be a prime power. Deﬁne the quadruple Paley digraph, D(4)q as follows. The vertices of D(4)q are
the elements of the ﬁnite ﬁelds Fq . Vertex a joins to vertex b by an arc if and only if a − b is a quadruple in Fq ; that is,
a − b = y4 for some y ∈ Fq .
In Section 4, we prove that D(4)q has the n-e.c. property whenever q9n224n−4.
2. Preliminaries
We make use of the following basic notation and terminology. Let Fq be a ﬁnite ﬁeld of order q where q is a prime
power and let Fq [x] be a polynomial ring over Fq .
A character  of F∗q , the multiplicative group of the non-zero elements of Fq , is a map from F∗q to the multiplicative
group of complex numbers with |(x)| = 1 for all x ∈ F∗q and with (xy) = (x)(y) for any x, y ∈ F∗q . Among the
character of F∗q , we have the trivial character o deﬁned by o(x) = 1 for all x ∈ F∗q ; all other characters of F∗q are
called non-trivial. A character  is of order d if d = o and d is the smallest positive integer with this property.
It is customary to extend the deﬁnition of non-trivial character  to the whole Fq by deﬁning (0) = 0. For o we
deﬁne o(0) = 1.
Observe that
t (a) = (at ) (2.1)
for any a ∈ Fq and t a positive integer.
The following lemma, due to Schmidt [12], is very useful to our work.
Lemma 2.1. Let  be a non-trivial character of order d of Fq . Suppose f (x) ∈ Fq [x] has precisely s distinct zero and
it is not a dth power; that is, f (x) is not of the form c{g(x)}d , where c ∈ Fq and g(x) ∈ Fq [x]. Then∣∣∣∣∣∣
∑
x∈Fq
(f (x))
∣∣∣∣∣∣ (s − 1)
√
q.
Let g be a ﬁxed primitive element of the ﬁnite ﬁeld Fq ; that is, g is a generator of the cyclic group F∗q . Deﬁne a
function  by
(gt ) = e2it/3,
where i2 = −1. Therefore,  is a cubic character, character of order 3, of Fq . The values of  are the elements of the
set {1,,2} where = e2i/3. Note that 2 is also a cube character. Moreover, if a is not a cube of an element of F∗q ,
then (a) + 2(a) = −1. This fact is very important in our methodology.
Further, deﬁne a function  by
(gt ) = it .
Therefore,  is the quadruple character, character of order 4, of Fq . The values of  are in the set {1,−1, i,−i}. Observe
that 3 is also a quadruple character while 2 is a quadratic character. Moreover, if a is not a quadruple of an element
of F∗q , then (a) + 2(a) + 3(a) = −1. This fact is very important in our methodology.
The following lemmas were proved in [1].
Lemma 2.2. Let  be a cubic character of Fq and let A and B be disjoint subsets of Fq with |A ∪ B| = n. Put
g =
∑
x∈Fq
∏
a∈A
{1 + (x − a) + 2(x − a)}
∏
b∈B
{2 − (x − b) − 2(x − b)}.
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Then
g2|B|q − (n2n−1 − 2n + 1)2n√q.
Lemma 2.3. Let  be a quadruple character of Fq and let A and B be disjoint subsets of Fq with |A ∪ B| = n. Put
h =
∑
x∈Fq
∏
a∈A
{1 + (x − a) + 2(x − a) + 3(x − a)}
∏
b∈B
{3 − (x − b) − 2(x − b) − 3(x − b)}.
Then
h3|B|q − (n2n−1 − 2n + 1)3n√q.
Our next lemma is established by using the idea developed in [1, Lemma 2.5].
Lemma 2.4. Let  be a quadruple character of Fq and let A and B be disjoint subsets of Fq with |A ∪ B| = n. Put
h =
∑
x∈Fq
∏
a∈A
{1 + (x − a) + 2(x − a) + 3(x − a)}
∏
b∈B
{1 + (b − x) + 2(b − x) + 3(b − x)}.
As usual, an empty product is deﬁned to be 1. Then
hq − (3n4n−1 − 4n + 1)√q.
Proof. Let A∪B={c1, c2, . . . , cn}. Expanding h and noting that q=∑x∈Fq 1 and t (b−x)=±t (x−b) for t =1–3,
we can write
|h − q|
∣∣∣∣∣∣
∑
x∈Fq
∑
∈{,2,3}
n∑
i=1
(x − ci)
∣∣∣∣∣∣
+
∣∣∣∣∣∣∣
∑
x∈Fq
∑
j∈{,2,3}
∑
i1<i2
{1(x − ci1)2(x − ci2)}
∣∣∣∣∣∣∣+ · · ·+∣∣∣∣∣∣∣
∑
x∈Fq
∑
j∈{,2,3}
∑
i1<i2<···<is
{1(x − ci1)2(x − ci2) · · · s(x − cis )}
∣∣∣∣∣∣∣+ · · ·+∣∣∣∣∣∣∣
∑
x∈Fq
∑
j∈{,2,3}
{1(x − c1)2(x − c2) . . . n(x − cn)}
∣∣∣∣∣∣∣ .
Now, by (2.1) and Lemma 2.1 we have
|h − q|
n∑
s=1
3s
(n
s
)
(s − 1)√q
= (3n4n−1 − 4n + 1)√q.
Therefore, hq − (3n4n−1 − 4n + 1)√q as required. 
3. The cubic and quadruple Paley graphs
For q ≡ 1(mod 3) a prime power, there exists a cubic character  of Fq and (−a) = (a) for all a ∈ Fq . Further,
for q ≡ 1(mod 8) a prime power, there exists a quadruple character  of Fq and (−a) = (a) for all a ∈ Fq .
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Observe that if a and b are any vertices of P (3)q , then for t = 1 and 2
t (a − b) =
⎧⎨
⎩
1 if a is adjacent to b,
0 if a = b,
 or 2 otherwise.
Also, if a and b are any vertices of P (4)q , then for t = 1 and 3
t (a − b) =
⎧⎨
⎩
1 if a is adjacent to b,
0 if a = b,
−1, i or − i otherwise.
Note that 2 is a quadratic character; that is,
2(a − b) =
{1 if a − b is a quadratic ressidue,
0 if a = b,
−1 otherwise.
Our ﬁrst result concerns cubic Paley graph having property n-e.c. for any ﬁxed integer n1.
Theorem 3.1. Let q ≡ 1(mod 3) be a prime power. If
qn224n−2,
then P (3)q has the n-e.c. property.
Proof. Let A and B be disjoint subsets of V (P (3)q ) with |A ∪ B| = n. Then there is a vertex u /∈A ∪ B that adjacent to
every vertex of A but not adjacent to any vertex of B if and only if
f =
∑
x∈Fq
x /∈A∪B
∏
a∈A
{1 + (x − a) + 2(x − a)}
∏
b∈B
{2 − (x − b) − 2(x − b)}> 0.
Let
g =
∑
x∈Fq
∏
a∈A
{1 + (x − a) + 2(x − a)}
∏
b∈B
{2 − (x − b) − 2(x − b)}.
Now, by Lemma 2.2 we have
g2|B|q − (n2n−1 − 2n + 1)2n√q.
Consider
g − f =
∑
x∈A∪B
∏
a∈A
{1 + (x − a) + 2(x − a)}
∏
b∈B
{2 − (x − b) − 2(x − b)}.
Since, in the product
∏
a∈A{1 + (x − a) + 2(x − a)} each factor is at most 3 and one factor is 1 and in the product∏
b∈B{2 − (x − b) − 2(x − b)} each factor is at most 3 and one factor is 2 we have
g − f 3n−1|A| + 3n−12|B|
= (|A| + 2|B|)3n−1
2n3n−1.
Consequently,
f 2|B|q − (n2n−1 − 2n + 1)2n√q − 2n3n−1.
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Now, if qn224n−2 , then f > 0 as required.
It is easily checked that f > 0 when q >n233n−4 for n> 1. 
We now turn our attention to the adjacent property of the quadruple Paley graph P (4)q .
Theorem 3.2. Let q ≡ 1(mod 8) be a prime power. If
q9n262n−2,
then P (4)q has the n-e.c. property.
Proof. Let A and B be disjoint subsets of V (P (4)q ) with |A ∪ B| = n. Then there is a vertex u /∈A ∪ B that adjacent to
every vertex of A but not adjacent to any vertex of B if and only if
f =
∑
x∈Fq
x /∈A∪B
∏
a∈A
{1 + (x − a) + 2(x − a) + 3(x − a)}
∏
b∈B
{3 − (x − b) − 2(x − b) − 3(x − b)}> 0.
Let
h =
∑
x∈Fq
∏
a∈A
{1 + (x − a) + 2(x − a) + 3(x − a)}
∏
b∈B
{3 − (x − b) − 2(x − b) − 3(x − b)}.
Now, by Lemma 2.3, we have
h3|B|q − (n2n−1 − 2n + 1)3n√q.
Consider
h − f =
∑
x∈A∪B
∏
a∈A
{1 + (x − a) + 2(x − a) + 3(x − a)}
∏
b∈B
{3 − (x − b) − 2(x − b) − 3(x − b)}.
Since, in the product
∏
a∈A{1 + (x − a) + 2(x − a) + 3(x − a)} each factor is at most 4 and one factor is 1 and in
the product
∏
b∈B{3 − (x − b) − 2(x − b) − 3(x − b)} each factor is at most 4 and one factor is 3 we have
h − f  |A|4n−1 + 3|B|4n−1
3n4n−1.
Consequently,
f 3|B|q − (n2n−1 − 2n + 1)3n√q − 3n4n−1.
Now, if q9n262n−2, then f > 0 as required. 
4. Quadruple Paley digraphs
Recall that, a digraph D is said to have properly Q(n) if for any two subsets A and B of vertices of D with A∩B =∅
and |A ∪ B| = n, there is a vertex u /∈A ∪ B such that u dominates every vertex of A and dominated by every vertex
of B. Let q ≡ 5(mod 8) be a prime power. Deﬁne the quadruple Paley digraph D(4)q as follows. The vertices of D(4)q
are the elements of the ﬁnite ﬁelds Fq . Vertex a joins to vertex b by an arc if and only if a − b is a quadruple in
Fq . Since q ≡ 5(mod 8) is a prime power, −1 is not a quadruple in Fq . The condition −1 is not a quadruple in Fq
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Fig. 2. Paley digraph D(4)13 .
is needed to ensure that (b, a) is not deﬁned to be an arc when (a, b) is deﬁned to be an arc. Consequently, D(4)q is
well-deﬁned. However,D(4)q is not a tournament. Fig. 2 displays the digraphD(4)13 . The quadruple Paley digraph was ﬁrst
deﬁned in [2].
For q ≡ 5(mod 8) a prime power, there exists a quadruple character  of Fq and noting that if a and b are any vertices
of D(4)q , then for t = 1 and 3
t (a − b) =
⎧⎨
⎩
1 if a dominates b,
0 if a = b,
−1, i or − i otherwise.
Note that 2 is a quadratic character. Further, if a dominates b, then (a − b) + 2(a − b) + 3(a − b) = 3 while
(b − a)+ 2(b − a)+ 3(b − a)= −1. If a and b are non-adjacent, then (a − b)+ 2(a − b)+ 3(a − b)= −1 =
(b − a) + 2(b − a) + 3(b − a). This fact is very important in our methodology.
Theorem 4.1. Let q ≡ 5(mod 8) be a prime power. If
q >n243n−2,
then D(4)q has n-e.c. property.
Proof. Let A and B be disjoint subsets of vertices of D(4)q with |A ∪ B| = n. Then there is a vertex u /∈A ∪ B that
dominates every vertex of A but is dominated by every vertex of B if and only if
f =
∑
x∈Fq
x /∈A∪B
∏
a∈A
{
1 + (x − a) + 2(x − a) + 3(x − a)
}∏
b∈B
{
1 + (b − x) + 2(b − x) + 3(b − x)
}
> 0.
Let
h =
∑
x∈Fq
∏
a∈A
{
1 + (x − a) + 2(x − a) + 3(x − a)
}∏
b∈B
{
1 + (b − x) + 2(b − x) + 3(b − x)
}
.
Now, by Lemma 2.4, we have
hq − (3n4n−1 − 4n + 1)√q.
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Consider
h − f =
∑
x∈A∪B
∏
a∈A
{
1 + (x − a) + 2(x − a) + 3(x − a)
}
∏
b∈B
{
1 + (b − x) + 2(b − x) + 3(b − x)
}
 |A|4n−1 + |B|4n−1
= n4n−1,
since each factor is at most 4 and one factor is 1, so each of these terms is at most 4n−1. Therefore,
f h − n4n−1
q − (3n4n−1 − 4n + 1)√q − n4n−1.
Now, if q9n224n−4, then f > 0 as required. 
Remark 4.1. The bound for q in Theorem 4.1 can be improved to n242.5n for 1n14.
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